The Schwarzschild-de Sitter space-time describes the gravitational field of a spherically symmetric mass in a universe with cosmological constant Λ. Based on this space-time we calculate Solar system effects like gravitational redshift, light deflection, gravitational time delay, Perihelion shift, geodetic or de Sitter precession, as well as the influence of Λ on a Doppler measurement, used to determine the velocity of the Pioneer 10 and 11 spacecraft. For Λ = Λ0 ∼ 10 −52 m −2 the cosmological constant plays no role for all of these effects, while a value of Λ ∼ −10 −37 m −2 , if hypothetically held responsible for the Pioneer anomaly, is not compatible with the Perihelion shift.
Introduction
Until now all gravitational effects in the Solar system and in binary systems are well described by means of the Einstein General Theory of Relativity [1, 2] 1 . Cosmology, in contrast, is currently confronted with two mysteries: these are dark matter and dark energy. Dark matter is introduced to obtain the gravitational field needed to describe observations like the galactic rotation curves, gravitational lensing, or the structure of the cosmic microwave background. Dark energy is envoked to explain the observed accelerated expansion of the universe by means of an additional energy-momentum component. Thus standard cosmology addresses the observed imbalance in the gravitational field equations by postulating unknown forms of matter and energy.
In general relativity, the repulsion necessary to obtain an accelerated expansion of the universe can be provided by the inclusion of a vacuum energy. This corresponds to the well-known modification of the Einstein equations consisting of the addition of a cosmological term Λg µν . Observational data suggest for the cosmological constant Λ a value of Λ 0 ∼ 10 −52 m −2 [4] . Alternatively, vacuum energy can be modeled by a dynamical field, such as quintessence [5, 4] .
Instead of postulating unknown forms of matter and energy another line of resolving these cosmological issues consists of a modification of the gravitational field. The galactic rotation curves for a wide class of galaxies could be explained by using an additional gravitational Yukawa potential [6] , for example 2 . More recently brane-world models are considered as modified-gravity theories in this context [8] .
We here consider the gravitational field of a spherically symmetric mass in a universe with cosmological constant Λ, described by the Schwarzschild-de Sitter space-time. We calculate how the presence of such a cosmological constant would affect Solar system effects like gravitational redshift, light deflection, gravitational time delay, geodetic or de Sitter precession. Comparing the theoretical results with the observations gives Solar system estimates on the magnitude of such an additional cosmological term in the Einstein equations.
Our investigation indicates that no present or future observation within the Solar system has the capability to reveal effects due to a cosmological constant with the current value of Λ 0 ∼ 10 −52 m −2 [4] . We conclude that the cosmic acceleration therefore does not lead to observable Solar system effects.
We then address the influence of a cosmological constant Λ, as present in the Schwarzschild-de Sitter space-time, on a Doppler measurement, used to determine the velocity of the Pioneer 10 and 11 spacecraft. By interpreting this Λ not necessarily as the cosmological constant with value Λ 0 , we note that a value of Λ ∼ −10 −37 m −2 may lead to an anomalous acceleration on the order of the Pioneer acceleration. However, this value is not compatible with the Perihelion shift and, furthermore, leads to a position-dependent acceleration.
We like to emphasize that the observational basis of the Pioneer anomaly is by far not of the same quality as the Solar system effects. It is still possible that the Pioneer anomaly is just a systematic effect, though no convincing explanation for this possibility has been found [3] . Therefore, it is reasonable to take into account the possibility that this anomaly is due to some until now missed effect within standard physics, or that it even signals some kind of non-standard physics. Therefore we are looking for effects related to a space-time metric modified by a cosmological constant. This may also be of relevance for the design of a new space mission to test the long range gravitational field [9] .
Schwarzschild-de Sitter space-time
We calculate Solar system effects for the spherically symmetric Schwarzschild-de Sitter metric [10] 
where
and Λ is the cosmological constant, and M the mass of the source. It is an exterior solution of the Einstein field equations for a spherical mass distribution
In the following we take Λ to be a free parameter and try to obtain constraints on the magnitude of this constant from Solar system effects. Therefore our aim is twofold: First to investigate whether there might be some influence of the cosmological constant Λ 0 on Solar system effects, and, second, to present estimates on the magnitude of such a constant Λ, when it would not correspond to the cosmological constant, but instead would be of, e.g., galactic origin.
The perihelion shift for the Schwarzschild-de Sitter space-time can be found in [10] and [11] . Based on the Kerr-de Sitter metric in the latter paper [11] also gravitomagnetic effects have been calculated.
Gravitational redshift
Since Schwarzschild-de Sitter is a stationary space-time there is a time-like Killing vector so that in coordinates adapted to the symmetry the ratio of the measured frequency of a light ray crossing different positions is given by
For experiments in the vicinity of the central body (which in this case will be taken to be the Earth), we have Λr 2 ≪ M/r so that to first order in Λ
where g
r . For small masses M this simplifies to
where we neglected products of Λ and M . Clock comparison can be performed with an accuracy of 10 −15 , the H-maser in the GP-A redshift experiment [12] reached a 10 −14 accuracy. Since all observations are well described within Einstein theory, we conclude |Λ| 10
where we assumed a clock comparison between the Earth and a satellite at 15,000 km height.
Deflection of light
The motion of point particles and light rays in the Schwarzschild-de Sitter space-time is described by the Lagrangian 2L = α(r)ṫ
where a dot stands for differentiation with respect to the affine parameter λ, and where from the very beginning the motion is restricted to the θ = π/2 plane. Since the metric (1) is independent of t and φ the quantities
are conserved along the orbit of the particle and define its energy and angular momentum, respectively. For light, the Lagrangian (8) vanishes. Multiplication of (8) by α/L 2 and substitution of the angular momentum yields dφ dr
where b ≡ L/E which in Schwarzschild space-time can be interpreted as impact parameter. The ± is related to increasing/decreasing r. The distance of closest approach r 0 defined by
relates b to r 0 . When we replace b by r 0 in (10) the constant Λ drops out
Therefore the constant Λ has no influence on the light deflection. This has already been recognized in [13] .
Gravitational time delay
We consider the standard measurement of the time delay of light where a radar signal is sent from the Earth to pass close to the Sun and reflect off another planet or a spacecraft. The time interval between the emission of the first pulse and the reception of the reflected pulse is measured. Let r ⊕ and r R be the distance between the Sun and the Earth and the reflector, respectively. The time interval between emission and return of a pulse as measured by a clock on the Earth is ∆T = 2t(r ⊕ , r 0 ) + 2t(r R , r 0 ) ,
where t(r 1 , r 2 ) is the elapsed coordinate time along the signal's trajectory between distances r 1 and r 2 to the Sun. The calculation of t(r 1 , r 2 ) requires to represent t as a function of r along the path of the pulse. From (9) and (10) we obtain
and, thus,
where we can replace b by r 0 using (11). The result of this integration in the Schwarzschild space-time can be found, e.g., in [14] . The first order correction to (15) due to Λ is
where terms of the order M 2 have been neglected. Since for Solar system observations r 0 /r R ≪ 1 and r 0 /r ⊕ ≪ 1 we obtain as Λ-induced modification of the time delay of a round trip of a signal
In the recent Cassini experiment [15] one has not measured the time delay but, instead, the relative change in the frequency
where ν 0 is the frequency of the radio waves emitted on Earth. These radio waves reach Cassini with a frequency ν ′ and are sent back with the same frequency ν ′ . The frequency of this signal reaching the Earth is ν(t). The contribution to the frequency change from the Λ-term is
where for the Cassini setup dr 0 /dt ≈ v ⊕ is approximately the velocity of the Earth orbiting the Sun. That means that the Λ-contribution to the signal increases with distance. The Schwarzschild contribution to y is 6 · 10 −10 and has been verified by the Cassini measurements within an accuracy of y of ∼ 10 −14 . Cassini measured the time delay for approximately 25 days, that is, during the period of 12 days before and 12 days after conjunction [15] . During one day the distance of closest approach of the signal changed by ∼ 1.5 Solar radii. Therefore, the measured signal would be
Since the Cassini measurement was in accordance to the Einstein prediction, we conclude from
Perihelion shift
The perihelion shift is based on the modification of the geodesic equation for a massive particle which can be derived in a standard manner. In first order in Λ and with u = 1/r one obtains
which leads to an additional shift [11] 
where e is the eccentricity of the orbit and ∆ the standard Einstein expression for the perihelion shift, see also [10, 16, 17] . (Obviously, for a smaller central mass M , implying a smaller Perihelion shift, the influence of the Λ-term becomes more important. Its effect should be more pronounced for the outer planets and for comets with large a.) The perihelion shift of Mercury, 43 ′′ per century, is in full agreement with Einstein theory within the accuracy of 430 µas [18] . From that we conclude
Geodetic precession
We calculate the geodetic precession by introducing a coordinate system rotating with angular velocity ω. The new angular coordinate ϕ is defined through
and gives in the equatorial plane θ = π/2 the metric
The canonical form of the metric is
with
with the indices 1, 2, 3 referring to r, θ, ϕ, respectively. For a given r = r 0 we can choose an ω so that ∂Ψ/∂r = 0. Since Ψ is related to the acceleration, this means that the line r = r 0 is geodesic. This corresponds to a modified Kepler frequency
also obtained in [11] , and implies
3 After submission of this paper similar analyses appeared [19, 20] .
The rotation rate of a gyroscope at a fixed position in the rotating coordinate system is given by [10] 
and points in the negative direction relative to the orbit. We obtain
For an alternative derivation of this geodetic precession, see the Appendix. The mission GP-B will measure the geodetic precession Ω 0 = 6, 600 mas/y with an expected accuracy of 0.1 mas/y. If the value predicted from Einstein theory will be confirmed and no additional term is seen, we are led to an estimate for Λ
Doppler tracking of satellites on escape trajectories
We now calculate the two-way Doppler tracking of a satellite moving on a geodesic radially away from the Sun. This amounts to an investigation of whether the presence of a cosmological constant might be made responsible for the anomalous acceleration observed for the Pioneer spacecraft [3] . For simplicity, we take an observer at a fixed radial distance from the Sun and a spacecraft moving radially so that Sun, Earth and spacecraft lie on one line. The measurement is carried out as follows: On Earth a radio signal with frequency ν 0 is sent to the spacecraft at position r, where it will arrive redshifted according tõ
Due to the velocity of the spacecraft the measured frequency is in addition Doppler shifted
where v r = θ r (v) is the measured radial velocity (v is the 4-velocity of the spacecraft and θ r is the normalized basis 1-form in r-direction, g µν θ r µ θ r ν = −1; in coordinates, θ r µ = α −1/2 (0, 1, 0, 0)). This is also the frequency sent back to Earth, where it arrives with the frequency
The two-way Doppler tracking will then yield
As expected, the gravitational redshift drops out. Only the motion of the spacecraft influences the result. Therefore, what is finally needed is the solution for the radial velocity v obtained from the geodesic equation
where { µ ρσ } are the Christoffel symbols. We can safely neglect the term quadratic in the velocities. Then, to first order in M and Λ we obtain
This leads to 1 2
where E is an integration constant. The Doppler measurement in terms of the measured velocity is then
We assume Λr 2 , M/r ≪ E and make an expansion with respect to Λ and with respect to M . Furthermore,
Since 2E corresponds to v 2 0 /c 2 , the non-relativistic limit is
The first two terms are the standard Newtonian contributions. The position r in the Λ-term induces an additional time-dependence of the two-way Doppler signal. Approximating r = r 0 + v 0 t and E = v 2 0 /2, the time-dependent signal related to the Λ-term is
If the first term is assumed to be responsible for the observed Pioneer anomaly, then with r 0 being on the order of 100 AU the constant Λ should be on the order of −10 −37 m −2 . This value is not compatible with the Perihelion shift. That means that there is no way to simulate the Pioneer anomaly with a term of the form of a cosmological constant without being in conflict with observations.
The influence of the cosmological constant on the semi-major axis is negligible. For any nonNewtonian gravitational force the distance r of the planetary orbits as function of the angle ϕ is given by
where ǫ is the parameter related to the non-Newtonian part of the gravitational interaction describing the perihelion shift and the change in the planetary orbital parameter r 0 (which is related to the semi-major axis). As a consequence, we can relate the perihelion shift to the change in the orbital parameter: If, due to some non-Newtonian or non-Einsteinian gravitational forces, there is an additional perihelion shift of the order 400µas per century (which is the present day accuracy [18] ), then ǫ ≈ 10 −12 so that ǫr 0 ≈ 15 cm. This is clearly beyond any observational access for any planet in the Solar system. Therefore, a value of Λ which may give for the Pioneers an acceleration of the required order has practically no influence on the planetary orbits.
Conclusion and outlook
We have calculated the Solar system effects in the frame of the Schwarzschild-de Sitter spacetime, treating the cosmological constant Λ in the metric as a free parameter. Comparison with observations then leads to the following constraints on the magnitude of the constant Λ: It is remarkable that the perihelion shift is by far the most sensitive tool to observe an influence of the cosmological constant on the scale of he Solar system which is probably due to the fact that it constitutes a cumulative long term effect. For light deflection the presence of Λ has no effect.
Assuming that Λ represents the cosmological constant with the current value of Λ 0 ∼ 10 −52 m −2 , we conclude, that no present or future observation of these Solar system effects has the capability to reveal the presence of such a cosmological constant. This also extends to Solar system effects like the gravitomagnetic clock effect or time delay, based on the influence of an additional gravitomagnetic field [11] .
Addressing the influence of a cosmological constant Λ on a Doppler measurement, used to determine the velocity of the Pioneer 10 and 11 spacecraft, we conclude that a value of Λ ∼ −10 −37 m −2 may lead to an acceleration of the order of the observed anomalous Pioneer acceleration. However, the acceleration caused by Λ changes with distance and is in conflict with the observed Perihelion shift. Therefore the hypothetical presence of a negative cosmological constant Λ ∼ −10 −37 m −2 as a possible explanation for the Pioneer anomaly has to be excluded.
We consider the calculation of Solar system effects in the Schwarzschild-de Sitter space-time only as a first step towards the general goal, of obtaining observational constraints from Solar system effects for modified theories of gravity. We envisage to repeat this kind of calculation in more general contexts like quintessence [5, 4] (for a first step in this direction see [21] ), in varying G scenarios [22] , in dilaton scenarios [23, 24] , and in braneworld models [8, 25] (see [26, 27] for the discussion of one related effect.). ds θ /dλ = 0 so that an initial s θ = 0 remains zero. From (47) we obtain
and (48) gives
Choosing the initial condition s φ (0) = 0 and introducing
the solution of (50) and (51) 
where s * = (−s µ s µ ) 1/2 .
